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Abstract

In this present dissertation, we introduce .JJS-contraction in b-metric spaces. JS-
contraction played an important role in the extension and generalization of Ba-
nach contraction principle. We have extended the notion of .JS-contraction in
generalized b-metric spaces and establish and prove fixed point results for such
contraction in the setting of generalized b-metric spaces. We introduce a new fam-
ily for modified JS-contraction and prove fixed point results. Furthermore, we
propose generalized modified JS-contraction in b-metric spaces and establish and
prove fixed point result for such contraction in the framework of complete b-metric
spaces. All our results are extensions and generalization of various results in the

literature of fixed point theorems.
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Chapter 1

Introduction

Mathematics has great significance in scientific knowledge which has several appli-
cations for humanity and in every field of life. Mathematics is further divided into
various branches which have their own significance according to their implemen-
tation. Functional analysis is one of foremost branch of mathematics which has
substantial uses in different fields. It is widely used in finding solutions of linear
and non-linear partial differential equations. It is widely applicable in numerical
analysis such as finding solutions of linear and non-linear partial differential equa-
tion, error estimation of polynomial, interpolation and finite difference method.
Functional analysis accomplishes the beauty of combination of geometry and anal-
ysis. The valuable concept of fixed point theory in functional analysis has great
importance because of its use in various fields of sciences which enhances the
significance of functional analysis such as mathematical economics, game theory,
optimization theory, approximation theory and in variational inequalities etc.
Firstly, fixed point theory was considered as entirely pure analytical theory but
later on it was divided into different branches which are metric, discrete and topo-
logical fixed point theory. One of the most valuable theorem in fixed point theory
is fixed point theorem “The Banach Contraction principle” which has significant
consequences in metric fixed point theory. This principle states that

“On a complete metric space a contraction mapping has a unique fixed point.”

This is a widely known principle which is an essential tool in the development of

1



Introduction 2

nonlinear analysis in general and metric fixed point theory. It was first appeared
in 1922, in an explicit form in Banach’s [7] thesis where solution for an integral
equation was obtained by using this theorem. Therefore according to its signifi-
cance and convenience extensions of the Banach contraction principle have been
established either by generalizing the domain of the mapping or by extending the
contractive condition on the mapping.

Bakhtin [6] first introduced the concept of b-metric space, then implemented by
Czerwick [16] in 1974, Ekeland proposed the variational principle in b-metric space
and fixed point theory is one of the application of Elceland’s variational principle.
It used as the main tool in the proof of the fixed point theorem in complete metric
space. The use of different aspects of b-metric space in literature is obvious. Many
author’s research are found on b-metric space in the field of fixed point theory.
In 2000, Branciari [9] proposed the new concept of metric space this refined metric
is known as generalized metric space as well as rectangular metric space, in gener-
alized metric spaces the triangular inequality is substituted by the the inequality
d(z,z) < d(z,r) + d(r,s) + d(s, z) for all pairwise unique points z, z,r,s € X.
Many fixed theorems are proved by many author’s in generalized metric space by
taking different contractions mapping. [[5], [15], [18], [17]].

In last few year the “Banach contraction principle” has been generalized in many
ways by changing the nature of contraction mapping, but we will discuss only
those which we used in our thesis work.

In 2013, Jeli and Samet [22] proposed a new type of contraction named as JS-
contraction and prove Banach contraction principle for such contraction in the
setting of generalized b-metric space. In 2015 Hussain et al. [20] modified JS-
contraction and prove fixed point result for such contraction. In 2016, Ahmad et
al. [3] prove common fixed point results for a pair of self mapping in the setup of
complete metric space by using generalized modified JS-contraction.

In this dissertation, we review the paper of Jleli and Samet [22], Hussain et al.
[20] and Ahmad et al [3]. We have extended the result of Jleli and Samet [22] by
changing generalized metric space into generalized b-metric space. Further more

we have extended the results of Hussain et al.[20] and Ahmad et al.[3] by replacing
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metric space into b-metric space.

The thesis is organized as follows.

In Chapter 2, we focused on definition with examples and review of papers.

In Chapter 3, we have extended and explained briefly the results of Jleli and
Samat [22].

In Chapter 4, deal with an extension of results proved by Hussain et al. [20].

In Chapter 5, a brief conclusion of an extension work of Ahmad et al. [3] is

given and ends with the conclusion.



Chapter 2

Preliminaries

This chapter is divided into four section. The first section includes, metric space
and rectangular metric space with some examples. The second section is devoted
to the notions of b-metric space, rectangular b-metric space and some related stuff.
In the third and fourth section our aim is to review JS-contraction and modified
JS-contraction which were defined by Jleli and Samet and modified by Hussain
et al. respectively. We have also reviewed the results of fixed point problem for

JS-contraction and modified Js-contraction.

2.1 Metric Space and Generalized Metric Space

In this section, we recall the notion of a metric which is nonempty set X equipped
with a distance function d satisfying some properties. Throughout R mean to the

set of real number.

Definition 2.1.1. [26] (Metric Space)
“A metric space (X, d) consists of a non-empty set X and a functiond: X x X — R

such that:

(1) d(z,y) > 0,d(z,y) =0if and only if x =y forall z,y € X (Positivity)

(17) d(z,y) =d(y,x) for all z,y € X (Symmetry)
4



Preliminiaries 5

(13i) d(z,y) < d(z,z)+d(z,z) for all z,y € X  (Triangle inequality)

A function d satisfying conditions (i) — (i), is called a metric on X.”

Example 2.1.2. Let X =R and define d,: X x X — R as

di(t,u) = |t — ul

then (R, d,) be a metric space and d is called Usual metric on R.

Example 2.1.3. Let X = R?, define d,: R? x R?2 - R

du(t,u) = /(&1 — )2 + (€ — )2

where t = (&1,&),u = (n1,12) € R?

Then d, be a metric on R and (R?, d,) is a Euclidean metric space.

Example 2.1.4. Let X consists of all bounded sequences of complex numbers
i.e,

t={&}tien or t=(£,6,...) and |§]<c¢ V i€N

Define d,: X x X — R by

d.(t,u) = sup |§ — n;|
€N

Where t,u € X, t ={&}, uw = {n;} and the sup denote the supremum (least
upper bound).

Example 2.1.5. “Let X = C[a,b] be the set of all real-valued continuous

function defined on a close interval [a, b]. The function d: X x X — R given by

d(z,y) = mmax lz(t) —y(t)| x,y € Cla,b]

is a metric on X and (X, d) is a metric space denoted by C|a, b].”
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Example 2.1.6. [26] “Let X = B(A) be the set of all bounded functions
defined on the set A then d: B(A) x B(A) — R given by

d(z,y) = Sup [z(t) — y(t)|

is a metric on B(A). For a set A = [a,b] C R; B(A) is denoted as Bla, b].”

Example 2.1.7. [10] “The space of real or complex number sequences z =
{&.}22, such that for some p > 1 the infinite series > - |,[? converges. The
space is denoted by /7.

The metric d: 7 x ? — R is given by

s 1/p
d($7y> = (Z|€n_nn|p> xayegp
n=1

Where y = {n,} and >_ |n,F < oco.

For p = 2, we get the Hilbert sequence space £? with metric given by

Z €n — Nl
n=1

In 2000, “ Branciari [9] introduced the idea of rectangular metric space by changing
the sum of right hand side of the triangular inequality in metric space by the three

terms expression.”

Definition 2.1.8. [26](Rectangular Metric Space)
“Let X be a nonempty set and the mapping d: X x X — [0, 00) satisfies:

(M1) d(x,y) >0, d(z,y) =0 if and only if x = y for all 2,y € X
(M2) d(x,y) =d(y,x) for all z,y € X
(M3) d(xz,y) < d(z,r) + d(u,v) + d(s,y) for all 2,y € X and all distinct point

u,v € X\ {z,y}

Then d is called rectangular metric on X and (X, d) is called a rectangular metric

space (in short RMS).”



Preliminiaries 7

Example 2.1.9. [29] “Let (X, p) be a bounded metric space and let M be a

real number satisfying

sup{p(z,y) : z,y € X}

Let A and B be subset of X with X = AU B and ANB=¢
Define a function d from X x X into [0, 00) by

d(z,y) =d(y,z)=p(r,y) if v€AyeB

d(z,y) = M otherwise

\

Then (X, d) is a generalized metric space.”

2.2 b-Metric Space and Rectangular b-Metric
Space

Definition 2.2.1. (b-Metric Space)
“Let X be a non-empty set and a mapping d: X x X — [0, 00) satisfies:

(bM1) d(z,y) =0 if and only if x =y for all 2,y € X
(bM2) d(x,y) = d(y,x) for all x,y € X;

(bM3) there exist a real number b > 1 such that

d(z,y) < bld(z,z) +d(z,y)] for all z,y,z € X

Then d is called a b-metric on X and (X, d) is called a b-metric space (in short

bMS) with co-efficient s.”

Note that every metric space is b-metric space (with coefficient s = 1).
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Example 2.2.2. “Let X = {0,1,2} , and let

2, ifx=y=0
dlz,y) =4 1
2

, if otherwise.

Then (X, d) is a b-metric with coefficient b = 2.”

Example 2.2.3. [10]“ Let £,, (0 <p < 1)

l, ={(&) C R: Z €l < oo},

n=1
together with the function d: ¢, x ¢, = R

where
0o 1/p
d((l},y) = {Z ’fn - nn’p}
n=1

where v = &, , y = 1, € {, is b-metric space. By an elementary calculation we
obtain that
d(z,2) = 2"7[d(x,y) + d(y, 2)]

Example 2.2.4. The space £, , (0 < p < 1) of all real functions x(t) , t € [0, 1]
such that

1
/0 ()P dx < o0

is a b-metric space if we take

i) = ([ e = ntopar) "

for each z,y € £,,.”

Definition 2.2.5. Let (X, d) be a metric space or b-metric space, {x,} be a

sequence in X and x € X. Then

1. Convergent Sequence
“The sequence {z,} is said to be convergent in (X, d) and convergent to z,
if for every € > 0 there exist ng € N such that d(z,,x) < € for all n > ng

and this fact is represented by lim z, =z or z, — x as n — 00.”
n—oo
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2. Cauchy Sequence
“ The sequence {x,} is said to be Cauchy sequence if for every € > 0 there

exist ng € N such that for each n,m > ng we have d(x,,z,) < e.”

3. Completeness
“(X,d) is said to be complete b-metric space if every Cauchy sequence in X

converges to some z € X.”

Definition 2.2.6. [19] (Generalized b-Metric Space)

“Let X be a non-empty set and a mapping d: X x X — [0, 00) satisfies:
(bM1) d(z,y) =0 if and only if z =y for all z,y € X;
(bM2) d(z,y) = d(y, z) for all z,y € X;

(bM3) there exist a real number s > 1 such that
d(z,y) < b[d(z,u) + d(u,v) + d(v,y)]

for all u,v € X and all distinct points u,v € X \ {z,y}.

Then d is called a rectangular b-metric on X and (X, d) is called a b-metric space

(in short GbM S) with co-efficient b.

Note that every metric space is rectangular metric space and every generalized
metric space is a rectangular b-metric space (with coefficient b = 1). However the

converse of the above implication is not necessarily true.”

Example 2.2.7. [19] “Let X =N, define d: X x X — X such that d(z,y) =
d(y,z) for all z,y € X

0, ife=y
10, ifx=1y=2
d(z,y) = q a, if v € {1,2} and y € {3}

2a, ifxe{l,2,3} and y € {4}

3a, ifxory&{l,2,3,4} and x £y
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where a > 0 is a constant. Then (X,d) is a generalized b-metric space with

coeflicient b =2 > 1.7

Example 2.2.8. [19] “Let X =N, define d: X x X — X by

(

0, ifx=y

d(z,y) = { da, ifx,ye{1,2} and x #y

a, ifzoryg{l,2}andx#vy
\

where o > 0 is a constant. Then (X,d) is a rectangular b-metric space with
coefficient b = % > 1, but (X,d) is not a rectangular metric space, as d(1,2) =

da > 3a = d(1,3) + d(3,4) + d(4,2).”

The limit in the b-metric space is not unique, so every convergent sequence in
b-metric space is not Cauchy. It is clear from the Example 2.2.2.

In Example 2.2.2, let x,, = 2 for each n = 1,2, ..., then is clear that ngrfoo d(x,,2) =
1/2 and nl_i)rfoo d(x,,0) = 2, hence in b-metric limit is not necessarily unique.

Definition 2.2.9. [19] Let (X, d) be a generalized metric space or generalized

b-metric space, {x,} be a sequence in X and x € X. Then

1. Convergent Sequence
“The sequence {x,} is said to be convergent in (X, d) and converges to x, if
for every e > 0 there exist ng € N such that d(x,,z) < € for all n > ng or

this fact is represented by lim z, = x or x, — z as n — 00.”
n—oo

2. Cauchy Sequence
“The sequence {z,} is said to be Cauchy sequence in (X,d) if for every
€ > 0 there exist ny € N such that d(x,,z,4,) < € for all n > ng,p > 0 or

equivalently, lim d(z,,x,1,) =0 for all p > 0.”
n—oo

3. Completeness
“(X,d) is said to be complete generalized b-metric space if every Cauchy

sequence in X converges to some x € X.”
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Note that, limit of a sequence in generalized b-metric space is not necessarily

unique. It is clear from the following example.

Example 2.2.10. [19]“ Let X = AU B, where A = {l n e N} and B is the

n
set of all positive integers. Define d: X x X — [0,00) such that d(z,y) = d(y, x)

for all z,y € X and

0, if v =y;
2ce, if x,y € A;
d(z,y) =9
o ifxeAandy e {2,3}
a,  otherwise

where a@ > 0 is a constant. Then (X, d) is generalized b-metric space with coefhi-
cient b = 2 > 1.” The sequence {%} converges to 2 and 3 in generalized b-metric

and so limit is not unique.

2.3 A new Generalization of BC'P in Generalized
Metric Space
We will present here the review of JS-contraction and fixed point results which

were established and proved by Jleli and Samet [22], for such contraction in the

setup of complete metric space. We have reviewed the results of Jleli and Samet.

2.3.1 JS-contraction

In 2013, Jleli and Samet [22] gave the idea of JS-contraction and prove fixed point
results by using such contraction in the setup of complete metric space.
“We denote by © the set of functions ¢: (0,00) — (1, 00) satisfying the following

conditions.[22]

(0) 0 is non-decreasing,.
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n—o0

(0) for each sequence {t,} C R, lir+n o(t,) = 1if and only if lim (¢,) = 0.
n—-+0o0

0(t) —1
(0) there exist r € (0,1) and ¢ € (0, 00| such that lim ( )T =07

a—0t
Definition 2.3.1. “ Let (X, d) be a rectangular metric space and a given self
mapping V: X — X is said to a JS-contraction if there exist a function § € ©

and for any constant k € (0,1) such that
d(Tz,Ty) #0 = 0(d(Tz,Ty)) < [0(d(z,y))]"

for every x,y € X.”

Theorem 2.3.2. [22] “Let (X, d) be a complete g.m.s metric space and T: X — X
be a given map. Suppose that there exist € © and k € (0,1) such that

forallz,ye X, d(Tz,Ty)#0 = 0(d(Tz,Ty)) < [Bd(z,y)]* (2.1)
Then T has only one fixed point.”
Proof. See Theorem 3.1.8 n

Since a metric space is rectangular metric space, from Theorem 2.3.2. the following

result has been concluded.

Corollary 2.3.3. [22/“ Let (X, d) be a complete metric space and T: X — X
be a given self map. Assume that there exist © € 0 and k € (0,1) such that

forall myeX, ATz, Ty)#0 = 6(d(Tz,Ty) < B,y  (22)
Then T has only one fixed point.”

Let f: X — X be a self mapping and (X,d.) be metric space. Notice that
from Corollary 2.3.3, the Banach Contraction contraction principle follows directly.

Certainly if 7" is a Banach Contraction then for any p € (0,1) such that

d*(fxmfy) S Md*(l’,y), vxay S X
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This implies that

e (f.fy) < [ed*(w,y)]“’ Ve,y e X

It is clear that the function ¢: (0,00) — (1,00) defined by ¢(u) = eV* belongs
to the family ®. The Corollary 2.3.3 shows the existence and uniqueness. it is
also shown from example that the Corollary 2.3.3, be a real “generalization of the

Banach contraction principle”.

Example 2.3.4. Let us define the set Y
Y ={k e N}

where

1
K = %, for every m € N

The metric d: Y x Y — Y is defined by d(u,t) = |u — t| for every u,t € Y. We
can show easily that (Y, d) is a complete metric space. Let V: Y — Y be the self

mapping defined as follows
Vki=k1, VEpn=*kn, forall m>2

We can check easily that Banach contraction does not hold.

fim AWk, V1)
m—00 d(,l-gm7 /@1)

Now, take a function ¢: (0,00) — (1,00) defined by 1 (u) = eV Then it can

be shown easily that ¢ € ®. Now, our aim is show V fulfill the condition of the

result 2.3.3, i.e

d(VEpm, VEn) #0 = eV AV b, Visg)edWVrmVin) - ay/d(sm,mn)ed (n ton)
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for any a € (0,1).

From the above inequality, implies that
d(V/ﬂm, V/{n)ed(vﬁm7‘/f{n) < a2d(/£m, /in)ed("/”m’”")

So, we have to check that

AV K, V iy )V msVin) = in)

A(VEm, VEy) #0 < a? 2.3
(Vi Vi) # i <o’ (23)
for any a € (0,1). Let us considering two cases.
Case i. m =1 and n > 2. Check for this case, we have
d(VEm,VEn)—d(km,kn 2 _
A(V K, Vi ) el )—d( ) n?-n 26(”2_2)(_") ol

(K, Kn) S n24n-—2

Case ii. n > m > 1. Now, check for this case, we have

A(V Ko, V ki) eV Vi) =dlsmn) = 4 — 1

— m2—n2)(n—m) < (3_1
d(Km, Kn) n+n+1 -

Hence, the inequality (2.3) is fulfilled for & = e~*/2. Corollary 2.3.3 implies that
V has at most one fixed point. Observe that for this example x; is the fixed point

of V.

2.4 Fixed point Results and Modified JS-contraction

In this section we will review the generalization of Ciric, Chatterjea and Reich
contraction. Accordent with [22], Hussain et al. [20] introduced and proved fixed
point theorem for self mapping in the setup of complete metric spaces. We present

here some results of Hussain.
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2.4.1 ¢-Contractive Condition

The family ¢ of the functions ¢ which are defined under some conditions. Hussain
et al. [20] modified and extended the conditions of the functions ¢: [0,00) —

[1,00) which are defined as follows.

(¢;) “¢ is non-decreasing and ¥(t) =1 < t=0;

(W) ¥(a+b) < ¥(a)p(®d) for all a,b > 0.”

The above two conditions are known as ¢-contractive conditions.The condition
(¢, — ty) satisfying by all functions ¢: [0,00) — [1,00) is denoted by is denoted

V. The following fixed point theorem were established and proved by Hussain et

al. [20] for ¢-contraction in the setup of complete metric space.

Theorem 2.4.1. Let (X,d) be a complete metric space, a f: X — X be a
given self mapping. Assume that there exist “a function ¢ € ¥ and positive real

number kq, ko, ks and ky with 0 < ki + ko 4+ k3 + 2k4 < 1 such that

(dy(fz, fy)) (2.4)
<[W(d(z, y)]* [ (d(x, f2)]*2 [ (dly, fy)]=[L(d(, fy) + dy, f2))]*

for each x,y € X7, then f has only one fixed point.

Proof. Taking b =1 in Theorem 4.1.2, the proof follows immediately. O]

Definition 2.4.2. “ Let (X,d) be a metric space. A mapping f: X — X is
said to be:

(i) A C-contraction(see[13]) if there exist o € (0, 3) such that for all z,y € X

the following inequality holds:

d(fx, fy) < ald(z, fy) +d(y, fr)];
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(if) A K-contraction([24]) if there exist o € (0, 3) such that for all z,y € X the

following inequality holds:
d(fz, fy) < ald(z, fz) + d(y, fy)];

(iii) A Reich contraction([27]) iff for all z,y € X there exist nonnegative numbers

q,r,s such that ¢ +r + s+ 2t < 1 and
d(fz, fy) < qd(z,y) +rd(z, fx) + sd(y, fy);

(iv) A Ciric(see[11]) contraction if and only if for all z,y € X there exist non-
negative numbers ¢ + r + s and t such that ¢ +r +t3 + s+ 2t < 1 and

d(fz, fy) < qd(z,y) +rd(z, fr) + sd(z, fr) + td(z, fy) + d(y, fz)].”

Theorem 2.4.3. [20]“ Let (X, d) be a complete metric space and f: Y — Y be
a continuous mapping. Suppose that there exist a positive real number ki, ko, k3, ky

with 0 < ki + ko + ks + 2k4 < 1, such that

d(fz, fy)
< ki d(z,y) + ko /d(z, fz) + ks\/d(y, fy) + ka/(d(z, fy) + d(y, fz)) (2.5)

forall z,y € X, then f has unique fized point.”

Proof. Taking ¢y (t) = eV? in Theorem 2.4.1 we get the Ciric [11] result. ]
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Remark 2.4.4. [20] Observe that the following result follows from the condition
(2.5).

“d(fx, fy) < ki*d(z,y) + ko*d(x, fr) + ks*d(y, fy) + ka’[d(, fy) + d(y, fo)]
+ 2k1k2\/d x,y)d(x, fr)+ 2k1k3\/d (z,y)d(y, Vy)

y)
(
+ 2kika/d(x, y)ld(x, fy) + d(y, fo)] + 2kaks/d(y, fr)d(y, fy)
(,
(

+ 2kskar/d(y, fy)ld(z, fy) + d(y, fz)].”

Further, observe on the Remark 2.4.4, taking k; = k4 = 0 in Theorem 2.4.3 follows
the Kannan [24] result.

Theorem 2.4.5. [20] “Let (X,d) be a complete metric space and f: X — X
be a given self mapping. Suppose that that there exist positive real numbers ko, ks,

with 0 < ko + k3 < 1, such that

d(fx, fy) < ko*d(, f) + ks*d(y, [y) + 2koksr/d(x, f2)d(y, fy) (2.6)
for all z,y € X. Then f has only one fixed point.”

On another way, by taking k1 = ky = t3 = 0 in Theorem 2.4.3 follows the following
Chetterjea[13] result.

Theorem 2.4.6. [20]“ Let (X,d) be a complete metric space and f: X — X

1
be a continuous mapping. Suppose taht there exist ky € |0, 5) such that

for all x,y € X. Then f has only one fized point.”

The following extension of Reich result follows from Theorem 2.4.3 By taking

ks = 0.

Theorem 2.4.7. [20]“ Let (X,d) be a complete metric space and f: X — X

be a continuous mapping. Suppose that there exist positive real number ky, ko, ks,
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with 0 < k1 + ko 4+ k3 < 1, such that

d(fl‘, fy) S k12d(l‘, y) + k?22d<1', fl’) + k32db<y7 fy)
+ 2kiko/d(z, y)d(z, f2) + 2kiks/d(z, y)d(y, fy)
+ 2koks \/d<33'7 f:c)d(y, fy)

for all z,y € X. Then f has only unique fized point.”

Theorem 2.4.8. [20]“ Let (X,d) be a complete metric space and f: X — X

be a continuous mapping. Suppose that there exist positive real number ki, ko, k3, ky

with 0 < k1 + ko 4+ k3 + 2ky < 1, such that

Yd(fx, fy) < ki d(w,y)+he Y/ d(, fo)+ks 3/ d(y, fy)+ka ¥/ (d(z, fy) + d(y, fz))

(2.7)
for all x,y € X, then f has only one fized point.”

Proof. Taking ¢(u) = ¢¥* in the Theorem 2.4.3, the proof follows immediately.

]



Chapter 3

A New Generalization of BCP in
GbM S

In this chapter we establish and prove Banach contraction principle using JS-
contraction in the setup of complete rectangular b-metric spaces. Our aim is to
extend the results of Jleli and Samet [22] by changing rectangular metric spaces
into rectangular b-metric spaces. An example is also given which illustrates our

result.

3.1 JS-Contractions

We will define J S-contraction in rectangular b-metric spaces and then establish and
prove fixed point theorem for such contraction in the setup of complete rectangular
b-metric spaces.

Ler @ be the family of all functions ¢: (0,00) — (1,00) satisfying the following

assertions:

(¢1) ¢ is non-decreasing.

(¢p2) For each sequence {f,} C R, ILm o(Bn) =1 & 1Lm (Bn) = 0.

19
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¢(B) -1 _

(¢3) There exist 0 < h < 1 and ¢ € (0, 00] such that lim BT L.

B—0

Example 3.1.1. The following are some functions from the family ®.

(i) ¢: (0,00) — (1,00) defined by ¢(u) = eV
(i) ¢: (0,00) — (1,00) defined by ¢(u) = V",
(iii) ¢: (0,00) = (1,00) defined by ¢(u) = €.
(iv) ¢: (0,00) — (1,00) defined by ¢(u) = coshu.
(v) ¢: (0,00) = (1,00) defined by ¢(u) = 1+ In(1 + u).
(vi) ¢: (0,00) — (1, 00) defined by ¢(u) = e*"

Definition 3.1.2. Let V: Y — Y be a given self mapping and (Y, d;) be a
rectangular b-metric with b > 1, whenever there exist any constant « € (0,1) and

function ¢ € @ satisfying:

Ve, Vy) 0 = d(do(Va,Vy)) < [o(dp(z, y))]*

Vx,y €Y, then V is called JS-contraction.

Example 3.1.3. Let di: R x R — R is defined by d;(z,2) = (x — 2)2. Then
(Y, d;) be a rectangular b-metric with coefficient b = 4 and V: Y — Y be a self
mapping defined by Vy = g
Assume that the function ¢: (0,00) — (1,00) is defined by ¢(u) = eV¥. ¢ satis-
fying the conditions of 3.1. So, ¢ € ®. Our aim is to prove V is JS-contraction.

From Definition 3.1.3, we have
Y T,z € Y7 dZ(VZE, VZ) 7& 0 = ey/dZ(Vm,Vz) < di (z,2)

for any a € (0,1). From the above inequality, we have

V& (Va,Vz) < ay/di(x, 2)
Vai(Va,Vz) <a (3.1)

d;(z, 2)
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Consider

This implies that the inequality 3.1 hold for « = = € (0,1). Hence V is JS-

contraction.

Theorem 3.1.4. Let V.Y — Y be a given self mapping and (Y,d,) be a
complete rectangular b-metric space with b > 1, whenever there exist ¢ € ® and

for any a € (0,1) satisfying:
dy(Va,Vy) #0 = o(d(Va,Vy)) < [o(dy(z,y))]" (3.2)
Va,yeY, then V has only one fixed point.

Proof. Assume that yo € Y be arbitrary. Let us consider a sequence {y,,} by
Ymi1 = Vyn for all m > 0. We want to prove {y,,} is Cauchy sequence. If
Ym = Yma1 then y,, is fixed point of V', so there is nothing to prove. So, suppose

that ¥, # Yma1 for all m > 0. Setting dy(Ypm, Yms1) = dpm and using 3.2

1< ¢(db(yma ym—l—l)) = ¢(db(vym—17 Vym))
< [A(do(Ym—1,Ym))]”

dom < dy(m—1)

Repeating this process

dbm S dba(;L

m

1 < &(dp(Yms Ym+1) < [@(dp(y1,%0))]" - (3.3)

Taking m — oo in the above inequality and using Sandwich Theorem, we get

m

= WHEOW(CZI;(?JO,%))]Q —1
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since 0 < a<1,a™ —0asm — o0

= lim [p(dp(Yms Ym+1))] = 1

m—ro0

From the condition (¢2)

lm  dy(Ym, Yms1) = 0.
m—00

There exist 0 < h < 1 and ¢ € (0, 00] from the condition (¢3) such that

lim A dp(Yms Ym1)) — 1

=/.
m—=00  dp(Yms Ym+1)"

14
Let ¢ < oco. Then by definition of limit, choosing r = 3 there exist a non negative

integer mg € N such that m > my

¢(db(yma ym-i—l)) —1
db(ymu ym-i—l)h

—0) <.

¢(db(yma ym-i—l)) —1

—r<
b (Y, Yms1)"

4V <r

Consider

gb(db(ynw ym—i—l)) -1

— 0> —r.
db(ym7ym+1)h -

Cb(db(ymy ym—f—l)) -1
db(ymy xm—&—l)h

>0 —r.

¢(db(ym> ym-l—l)) —1
db(?/m» ym—i—l)h

Zﬁ—gzr.
2

Then

db(ymaym—f—l)h < S[¢(db(ym>ym+l)) - 1]a for all m > myo

1
Where s = —.
T
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Let ¢ = co. Then by definition of limit, choosing r > 0 there exist a non negative

integer mg € N such that m > my

O(db(Ym, Ym+1)) — 1
db (ym7 ym+1)h

>
This implies that, for all m > my

(db(ymaym-i—l))h S 5[¢(db(ym>ym+1>> - 1]'

Observe that for each case, s > 0 and my € N such that

(db(ym7ym+1))h S 8[¢(db(yma ym—i-l)) - 1]7 for all m Z my.

Using (3.3) in the above inequality, we get

(dp (Y, Ymr1))" < s [[0(db(yo, 11)))*" — 1], for all m > my. (3.4)

Since b > 1 and 0 < h < 1, then b" > 0. Then for all m > my

m

V"' m(dy(Ym, Yms1))" < sbm [[¢(db(y0,y1))]o‘ - 1} . (3.5)

Taking m — oo in the above inequality

o(dy(y1,40))*" — 1]

Jim km[o(dy(yo, y1))*" — 1] = k Tim [ &
. ] | d , d , a™™
_ k,&gﬂoa n(a) In(o( b(y()izlh))w( b (10, y1))]

m2

=k lim —m’a™ In(a) In((ds (v, 11))[é(db(yo, y1))]*"
— & lLim —m? In(a) ln(¢(db(yo,y1))[¢(d(yo,y1))]am

m—00 a{n
2

=k lim ™ im In(e) In(o(dy(yo, y1))[@(d(yo, y1))]”

n—o00 0471” m—oo

= k.0.In(ov) In(o(dp(yo, y1))

1
=0 (where a;=— and k= sb").
a

m
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= lim m[e(dy(yo, 1)) — 1] = 0. (3.6)

m—r0o0

From (3.5), we have

lim bhm(db(ym,ym+1))h =0.

m—0o0

Then by definition of limit there exist € > 0, choosing € € (0,1) and there is an

my € N such that for each m > my

‘bhm<db(ym7ym+1))h — O‘ <e€

b 1 (dy (Yo Y1) < €

b (dy (Y, Y1) < € (€7 =€)
6/
db<ym7ym+1) < 1
bmn
1
Ay (Ymy Yma1) < —, forall m >m. (3.7)
bmn
Replacing m with m + 1 in (3.7), we get
1
dy(Yms1, Tmy2) < —, forall m > m;y. (3.8)
b(m+ 1)

From (3.4) (dp(Yms Y1) < s [[0(dp(yo,y1))]*" — 1], forall m > mg

Since b > 1, 0 < h < 1 then v*" > 0. Then for all m > m

b m(dy(Ym, Ym1))" < sH*m Hﬁb(db(yo,yl))]an - 1} .

Again, taking m — oo in the above inequality and using (3.6).

lim thm(db(ym,ymH))h =0

m—0o0

Then by definition of limit there exist m; € N such that

1
dy(Yms Yms1) < —, forall m > my.
b*>mmn
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Replacing m with m + 2 and m + 3, we get

1
dy(Yma2, Ymag) < —, for all > my. 3.9
b(Ym+2, Ym+3) b(m + 2)% orall m =1my (3.9)
dy Je— forall m> (3.10)
m+3> Ym = forall m >my. )
b \Ym+3; Ym+4 b(m + 3) 1
Continuing in this way, we get
1

dy(Ynt215 Ynt2141) , forall m >m;. (3.11)

< — 7
bl(n+21)n
Also, let us assume that gy, is not a periodic point of V. Indeed, if yo = ¥,, then

using (3.2), for all m > 2, we have

o(do(y0, Vo)) = ¢(do(Yms VYm))
Cb(db(yo,yl)) = ¢(db(ym7 ym+1))

dbO = dbm
dyo < dy’

Indy < a™Indyy < Indy

which contradict to our supposition.
This implies that dy = 0, i.e y9 = y1, and yg is a fixed point of V. Assume that
Ym 7 Yn for all distinct n,m € N such that m # n.

Again Setting ¢<db(ym7 ym+2)) - d;m

¢(db(ym7ym+2)) < [¢(Vym—lavym+l) < [¢(db(ym—laym+1))]a

dlm = [0(Ym—1, Ym+1))]”

dbm < db%m— 1)-

Continuing in this way, we get

d, <d&"

m

= 1< Y(d Y, Ymr2)) < [(d (Yo, 32))]""
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Taking m — oo on both sides of the above inequality and then using Sandwich

Theorem, we obtain

lim ¢(d (Yo, Ymi2)) = 1.

m—00

From the condition (¢2), we get

lim d/(ym, Ymaz) = 0.

m—0o0
Similarly, from condition (¢3), there exist my € N such that

1

bm

d;;(yma ym+2) S 9 for all m 2 may.

=

Replacing m with m + 21 — 2, we have

/ 1
dy(Ymrors Ymaor—2) < +, forall m >m,. (3.12)
b1t

Let N = max{mg, m; }.

For the sequence {y,,}, as dp is rectangular metric space so consider dp(Ym, Ym-+q)
into two case.

Case-i:

If g >2isoddsay ¢ =21+ 1,1 > 1, using (3.7), (3.8),..., (3.11) for all m > N,

we obtain

b (Yoms Ym-+q)

< O[dy(Yms Ym+1) + do(Yms1, Ymt2) + do(Ymt2, Ymr2141)]

= bldm + dpm+1)] + 0d(Ym+2, Ymrar+1)]

< bl + dymsr)] + U [do(Ymr2s Ymss) + do(Ymsss Ymra) + do(Ymsa, Ymr2r41)]

= b[dypm + dygmi1)] + U [domr2) + dom+3)] + 02 [do(Yumsas Ymi2r41)]

Continuing in this way, we obtain

db(ymu ym+2[+1)
< b[dpm + dpmr1)) + U [dymt2) + domt3)) + 02 [dpimray + dogms)] + -+ + b dygmaan
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= [bdpm + b2db(m+2) + bgdb(m+4) +-e]

+ [bdpmr1) + V2 dpgms) + B2 dpimrs) + -+ - - +b dpmran)

b b? b3
= T+ -+ T+
bmr  b2(m+2)x  b(m+4)w

b b? b3 b!
1 + 1 + 1 ++—1
bm+1)n  b*(m+3)n  b(m+5)n bi(m +21)»

1 1 1 1
- 1 + 1 + 1 +" 1
mr  (m4+1)r  (m+2)n (m+21)x
m+-21 1
- I
j=m J"
=1
< -

Case-ii:

If ¢ > 21is even say 21,1 > 2, using (3.7), (3.8), ...and (3.12) for all m > N

db(yma y(m+21))
< Bldom + dyme1)] + 0 [dyme2) + domz)] + U [dbmsa) + dopmis)] + - + bl_ld;;(m+2172)

+ [bdymr1) + b dygmr2) + B dpma) + - - - - +b1_1d;2(m+2[—2)]

Y (L S —
bk B2(m+2)r  b(m A+ 4)

b b2 b b
1 + 1 + 1 +t 1
bm—+1)h  b(m+3)%F  B(m+5)h b= (m + 21 — 2)%

1 1 1 1
= T+ T+ T 1
mr  (m+1Dr  (m+2)n (m+ 21 —2)n
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Thus, combining all these cases, we have

=1
Ay (Ym: Ymsq) < >~ forall m>N,qeN

= It

Since 0 < h < 1, then Zj’;l ji% converges.

This implies that Wlbl_r}(l)o dp (T, Timtq) — 0 for all ¢ > 0. Thus we proved that {y,,}
is a Cauchy sequence in Y. The completeness of Y make insure there exist yy € Y
such that y,, — yo as m — oo. First we show that yy is a fixed point of V.
Contrary suppose 3y # Vp.

Then

1 < &(dp(Yms Vo)) = &(do(VYm—1, Vo))
< [o(dy(Ym—1,90))]"

Taking m — oo in the above inequality, we get

1 < ¢(db(yo, Vo)) <1

which contradict to our supposition. Thus zq is the fixed point of V.
For uniqueness. Suppose there exist another fixed point x of V' different from g
that is Ty = Vl’o.

Then

1 < ¢(dy(yo, o)) = d(do(Vyo, Vo))
< [p(dy(yo, z0))]”
< &(db(yo, o))

= 1< ¢(dy(yo, 70)) < B(dy(vo0,70))

which contradict to our supposition that yg # zo . Thus yg = xo. Thus V has
only one fixed point, which ends the proof. n

Definition 3.1.5. Let V: Y — Y given self mapping and (Y, d;) be a b-metric
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with b > 1, whenever there exist a function ¢ € ® and for any constant a € (0, 1)

satisfying:

dy(Ve,Vy) #0 = ¢(dp(Va,Vy)) < [o(dy(x,y))]"

V x,y €Y, then V is called JS-contraction.
Since a b-metric space with coefficient b is a rectangular b-metric space with coef-

ficient b?. The following result has been concluded from Theorem 3.1.4.

Corollary 3.1.6. Let V: Y — Y be a given self mapping and (Y,d,) be a
b-metric space with co-efficient b > 1, whenever their exist ¢ € ® and any constant

a € (0,1) satisfying:

db(v'rv Vy) # 0 = (b(db(Vl’, Vy)) < [(b(db(x? y))]a

forall x,y € Y. ThenV has only one fized point.

Definition 3.1.7. Let V: Y — Y be a given self mapping and (Y, d) be a
rectangular metric space, whenever there exist a function ¢ € ® and any constant

a € (0,1) satisfying:

dVa,Vy) #0 = o(do(Vz,Vy)) < [¢(d(z, )]

for all x,y € Y., then V is called JS-contraction.

The main result by Jleli and Samat [22] can now be established as the following

Corollary of our result.

Corollary 3.1.8. [22] “Let (X,d) be a complete g.m.s and T: X — X be a
given map. Suppose that there ezxist 6 € © and any constant k € (0,1) such that

ry€X, d(Tz,Ty)#0 = 0dVz,Vy)) <[0(d(z,y))]" (3.13)

Then T has only one fixed point.”
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Proof. Taking b =1 in Theorem 3.1.4, the proof follows immediately. O]

Definition 3.1.9. Let V: Y — Y be a given self mapping and (Y,d) be
metric space, whenever there exist a function ¢ € ® and any constant « € (0,1)
satisfying:

AV, Vy) 20 = ¢(d(Va,Vy)) < [o(d(z,y))]"

for all z,y € Y., then V is called JS-contraction.

Theorem 3.1.10. /[22/“Let (Y,d) be a complete metric space and T: X — X
be a given map. Suppose that there exist 0 € © and any constant k € (0,1) such
that

zyeX, dVz,Vy)#0 = o(dVz,Vy)) <old(z,y))]"  (3.14)
Then T has unique fixed point.”

Proof. The result follows from Corollary 3.1.6 by taking b = 1. ]

Example 3.1.11. Let Y be the set defined by
Y ={rk e N}

where

1
mm—%, forall meN

Let d: Y x Y — Y defined by d(z,y) = (x — y)?. It is b-metric with coefficient
b=2. Let V:Y — Y be the mapping defined by

Vki=k1, VEpn=*kn, forall m>2

We can check easily that Banach contraction does not hold.

lim db(V/'im, V/ﬁ)

=1.
m—o0 db(nma’]—l)

Consider a function 1: (0,00) — (1, 00) defined by ¥(u) = eV**". Then it is easy
to show that ¢ € ®. Our aim is to prove V fulfill the condition of the result 3.1.4,
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that is

BV, Vi) 20 = eV Vm)ehlomVmd o oy /dysmnn)ef(msn)

for any o € (0,1). Then the above condition is equivalent to
dp(V b, Vi) eV FmVEn) < 02Ky, 1y )M morin)

So, we have to check that

db(V/ﬁjm’ V/ﬂjn)edb(v’fm’v””)_db(”mﬁn) ,
BVt Vi) 70 = <a? (315
y(Viim, Vi) # X" N (3.15)

for any o € (0,1). We discuss two cases.

Case i. m =1 and n > 2. For this case, we have

Km,V kn)—dp(Kmkn o 2
dp(V Ko, V oy, ) @B (Vo Viin) =dp (m tin) _(n*—n-2 (2 =2)(-n) < 1
db(,‘{/m’ /@'n) nzZ+n—2 B

Case ii. m > n > 1. For this case, we have

db(VHma V"{n)edb(vrgm’vnn)idb(ﬁm’nn) o n+m— 1 i @(m2_n2)(n—m) < 6_1
dy(Km, Km) n+n+1 -

Hence, the inequality (3.15) holds for a = e~/2. Corollary (3.1.6) implies that V/

has only one fixed point. It is clear that x; is the fixed point of V.



Chapter 4

Fixed Point Results and Modified
JS-Contraction

In this chapter we introduce a family W, of the functions v, which is defined under
some conditions and then modify and extend those conditions which are known
as p-contractive conditions or mappings. Further we will define modified form
of JS-contraction and will prove a new fixed point result for self mapping that
satisfies modified JS-contraction in the setup of complete b-metric spaces. Our

result is an extension of the results proved in [20].

4.1 Modified JS-Contraction

We will define modified form of JS-contraction and establish and prove fixed point
theorems for such contraction in the setting of complete b-metric space.
Let Uy, be the family of all functions : (0,00) — (b%,oo), where 0 < a < 1

and b > 1 satisfying the following assertions:

(1p,) 1y is non-decreasing.

(1,) For each sequence {f,} C R*, lim ¥,(8,) = bT-« if and only if lim (5,) = 0.
n—oo n—oo

32
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Up(B) —1

(1p,) There exist 0 < h < 1 and ¢ € (0, 00] such that lim = /.

B—0+ ﬁh
Note. For b =1 the family v, becomes the family ¢ which is introduced by Jleli
and Samat [22].

4.1.1 -contractive conditions

We modify and extend the family ¥, of function ,: [0,00) — [b%,oo) and
proved the following fixed point theorem for self mapping that holds v,-contractive

condition in the context of complete b-metric spaces.

(1y,) by is non-decreasing and 1y(u) = bi-a if and only if u = 0.

(¥p,) Up(bx + by) < by(x)ihp(y) for all z,y > 0 and b > 1.

The set of all functions ¥ : [0, 00) — [bT-a, 00) satisfying the conditions (W, — V)
is denoted by U,

Note. For b = 1 the contractive conditions coincides with the conditions intro-

duced by Hussain et al. [20].

Definition 4.1.1. Let V:Y — Y be a given self mapping and (Y, d;) be a
b-metric space with co-efficient b > 1, whenever there exist positive real numbers

t1,ta,t3 and ty with 0 < t; +t9 + t3 + 2t4, < 1 and a function ¢, € \If;, satisfying:

Vo(dp(V, Vy))
<[eu(dy(, )" [Wu(do(, V)2 [ (do(y, V)] [l do(, Viy) + do(y, V))]™

for all z,y € Y, then V is called .JS-contraction.
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Theorem 4.1.2. Let V:Y — Y be a self mapping and (Y, dy) be a complete
b-metric space with b > 1, whenever there are any positive real numbers ti,ts,t3

and ty with 0 <ty 4ty +t3+ 2ty < 1 and a function Y, € \If;) satisfying:

Uy(dp(Vz, Vy)) (4.1)
<[th(do(z, )" [Wu(dy(, V)] [t (ds(y, V)| [t (do (2, Viy) + dy(y, V)]

for all x,y € Y, then V' has only one fixed point.

Proof. Let yo € Y be arbitrary. Let us consider a sequence {y,,} by ymi1 = Vym
for all m > 0.

We want to prove {y,} is a Cauchy sequence. If y,, = y,,+1 then y,, is the fixed
point of V', so there is nothing to prove. So suppose that y,, # ym.1, for all m > 0.

Settlng db(yma ym-‘rl) = dym-
It follows form (4.1)

Uo(do(Yms Ym+1)) = Vo(do(VYm—1, VYm))
< [0 (dp(Ym—1, Y )™ [V6( (Y15 V1)) [( (Y, VY))]
Lo (Y1 Vym) + do(Yims Vygm—))]".
By using triangular inequality of b-metric space, we get
Uo(d(Yoms Ym+1))
=[06(do(Ym—1, Ym0 (Y1, Yon) )] [ (Yoms Yom11))]
L6 do (Y1, Ymy1) + do(Ym, Y )]
<[ (ds (Y15 Y ) [0 (D (Y1, Y))] [0 (o (Yo Yis1))]
Lo (0(dy (Y15 Ym) + do(Yrms Ym1)))]™
= [0 (b (Y15 Y )N [0 (ds (Y15 Ym))]™- [V (i (Y5 Yrms1))]
Lo (bdy (Y15 Ym) + b (Y Yms1))]"
<O [ (A (Y1, )] - [0 (o (Y15 Yo )] 2[00 (Do (Yias Yim1))]"

[0 (dy(Yrm—1 Y )" [0 (Ao (Y Ymes1) )]
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= 0" [ (dp (Y1, Y )] T2 [0 (Ao (Yims Y )] 2T
< O iy (d (Y1, Ym) T [0 (A (Y Yimgr))] T

= [b (i, )] Lo, )]

Taking natural log on both sides of above inequality, we have

In ¢b(db(yma merl))
< (t1 + t2 + ta) In[b (dy(Ym—1,Ym))] + (t3 + ta) [Yp(dp (Y, Yms1)]-

Ity (dy(Yms Ym+1))] — (t3 + ta) [y (dp (Y, Ym+1)]
S (tl + tz + t4). hl[b wb(db(ym,l, ym))]

(1 —t3 — ta) [u(dp(Ym, Ym+1))] < (B + t2 + ta) In[b Yy (dp(Yrm—1,Ym))]

(t1 +to + tg)

(1 — 1y — t4) ln[bz/}b(db(ym—l? ym))]

ln[wb(db(yma ym—i-l))] <

(t1+to+tq)

wb<db(yma ym+1)> < [bwb(db(ym,h ym))] (—t3—ty)

(t1 +to +t4)

< 1.
(1 —t5—ty)

Let a =
Uy (dp(Yms Ymr1)) < [006(do(Ym—1, Ym))]"-
Repeating this process, we get

b < Py(db(Yumy Ym+1)) < O [0 (db (Y1, Ym))]°

< b [y (dy (Y2, Yom—1))]°

2

< ettt L (dy (o, 1)) (4.2)
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Taking m — oo in the above inequality, we get

a(l—a™)

lim 5o F 0 [y (dy (yo, 1)) = lim b = [y (dy(yo, 1))

m—0o m—0o0

. a(l-a™) am
= lim b T-a -nll_fgo[?ﬂb(db(yo»yl))]

m—00

—bioa.l (since a™ — 0 as m — o0)

By using Sandwich Theorem, we get

= lim Yy(ds(Yms Y1) = b7

= lim db(meym+1) =0.

m— 00

From the condition (¢, ), there exist 0 < h < 1 and ¢ € (0, co| such that

lim Z/}b(db<ym7 merl)) —1

=/,
m—=oo  dy(Ym, Ym+1)"

l . "
Let ¢ < oco. Then by definition of limit, choosing r = 5 there exist a positive

integer mg € N such that m > my

wb<db(yma merl)) —1 _

/<.
db(yma ym+1)h B
_r wa(db(ymaymﬁ-l))h_ 1 .y S r
ds(Ym» Ym+1)
-1
Wy (dp( mamerl))h S —
db(ymamerl)
wb<db(ymaym+1) -1 7 <.

b (Y, Yms1)?
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Consider
-1
wb(db(ymaym—i-l))h v Z —r
db(?/m» ym—i—l)
d my Im -1
Vo (d(Ym, y +1))h >0—r
db(@/m» ym+1)
d msy JIm —1 £
1/%( b(y Y +1))h >0— - =
db<ymv merl) 2
for all m > mg. Then
db(:gmamerl)h S S[wb(db(ym>ym+1)) - 1]7
1
Where s = —.
r
Using (4.2) in the the above inequality, we have
(dp(Yms Y1) < shoteltrat ({45 (db(yo, ) 1], forall m > mg. (4.3)

Since b > 1 and 0 < h < 1, then b* > 0. Then for all m > my.
Multiplying an inequality (4.3) by b"m, we have

0" m(dy(Ym, Ym11))" < shipetei ety [[T/)b(db(yo,yl))]an — 1} )

Taking m — oo in the above inequality, we have

. B (dy (Yo, Yrmg1))" < sb™ Tim poFe++a (s (db(yo, y1))]*"

m—00 n—oo

_1]

= sb" lim BT Lim om ([ (ds (o, y2))]*" = 1]

n—oo m—ro0

= sbh.bﬁ.mli_rgom [[1/Jb<db(y07y1>>]am -1].
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Consider

nlij%om[%(db(yo,yl))am —1] = lm Wb(db(yoagl))am —1]

m—0o0 —
m

o™ In(a) In(Yp(ds(yo, 1)) (W6 (db(yo, y1))]*"

=1
m2

= lim_ —m*a™ In(e) In (¢ (db (Yo, y1)) [We(dy(yo, 1))
b —m?*a™ In(y(dy (Yo, y1)) [ (ds (0, y1))]*"

m—00 og’ln
2

— lim 2. lim In(a) In (¢ (do(yo, 1)) [ (do (o, 1))

n—00 agn m—o00

= 0. In(a) In(¢p(dp(yo, 1))

1
=0 (where a3 =—).
a

= lim

m— 00

This implies that

i mghy(dy(yo, y1))"" — 1] = 0. (4.4)

= lim "m(dy(Ym, Ym1))" = 0.

m—0o0

Then by definition of limit there exist € > 0, choosing € € (0,1) and there is an

my € N such that for all m > my

|bhm(db(ym>ym+1))h — 0‘ <€
bhm(db(ym7ym+l)>h <e€

bm%(db<ym7 ym+1)) <€ (Where et/h — e/)

’

€
db(@/m: ym-l—l) < 1
bmn
1
Ay (Yrmy Yma1) < —, forall m >m. (4.5)
bmn

From (4.3)

(d (Yo Y1) < sbHesFtar [[(db(yo, 1)) — 1], forall m > my.
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Since b > 0, 0 < h < 1 then v*" > 0. Then for all m > my.

O 1 (dy (Yo, Y1) < SHPOOTEEE 0 [y (dy (o, 1)) — 1]

Taking m — oo in the above inequality and using (4.4), we get

lim 6" m(dy(zm, Tmy1))" = 0.
m—r0o0

Then there exist m; € N such that

1
Ay (Yrmy Yma1) < =, forall m >m,.
b2mn

Replacing m with m + 1, we get

1

Ao (Y1, Ymao) < ———, for all > my. 4.6
b(fl/ +1, Y +2) b2(m+ 1)z orall m>m ( )
Continuing in this way, we obtain
1
dy(Yn-1,yn) < ———— , forall m > m;y. (4.7)
br=m(n —1)n

Let N = max{mg, m}.
Let me to prove {y,,} is a Cauchy sequence . For n > m > N and using (4.5),

(4.6) and (4.7), we have

db(xma merl) + bzdb(merla xm+2) +- bnimdb('xnfb xn)

b
(L. i
= \b(m)7" " B2(m + 1)1/h brm(n — 1)1/

1
Since 0 < h < 1, then ) 77, —7; converges.
J
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Therefore dy(Ym, yn) — 00 as m,n — 0.
Hence we have proved {y,,} is a Cauchy sequence in Y. The completeness of Y
admits that there exist yy € Y such that y,, — oc.

First we prove that yg is a fixed point of V. Contrary suppose that yy # Vo, then

L < u(do(Vyo, Ym)) = ¥u(de(VYyo, VY1)
< [Wu(dy (Yo, Yrm1)]™ [0 (do (Yo, Vyo))]2 - [06(dy(Yms1, VYmr1))]
[06(do(Yo, Vipma1) + do(Yms1, Vo))"

Taking m — oo in the above inequality, we get

1 < y(do(Viyo, o)) < [th(du(yo, Vo)) < thu(de(Viyo, o))

which contradict to our supposition. Hence we have yg = Vyy. Therefore, v, is
fixed point of V. For uniqueness, let xy be another fixed point of V.
Then

1 < 4hy(do(z0,90)) = ¥u(dp(Vzo, Vo))
< [ (dy(z0, Y0))]" - [¥(ds (0, Vo))]™. [¢6(ds(yo, Vyo))]"
e (dy(0, Viyo) + dy(yo, Vo))"
= [¥(ds (0, y0))]" [¥(ds (0, Vo))] [ (db (3o, Vyo))]"
L (db (0, y0)) + u(db(yo, 70))]"™
< [t (db (o, y0))]™ [¥(dy (0, Vo))" [¥s(ds(yo, Vyo))]”
< 2[4y (db (0, o))"

(
1 < Yy (dy(o, 40)) < 2[th(db(20, %0))]" < 9(dy(0, y0))

which contradict to our supposition. Hence zy = 1yo. Thus V has unique fixed
point.

O

Definition 4.1.3. Let V: Y — Y be self mapping and (Y,d;) be a b-metric
space. Then V is called:
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(i) A C-contraction if for any « € (0, %) satisfying the following inequality:
dy(Va,Vb) < aldy(a, Vb) + dy(b, Va)]
forall a,b €Y.
(ii) A K-contraction if for any a € (0, %) satisfying the following inequality:
dy(Va,Vb) < aldy(a, Va) + dy(b, V)]

for all a,b € Y.

(iii) A Reich contraction if and only if there exist a non-negative real numbers

t1,to,t3 with t1 + to + t3 < 1 satisfying the following inequality
db(Va, Vb) < tldb(a, b) + thb(CL, VCL) + tgdb(b, Vb)

for all a,b €Y.

(iv) A Ciric contraction if and only if there exist non negative real numbers

t1,to,t3 and t4 such that t; + to + t3 + t4 < 1 satisfying:
db(Va, Vb) S tldb(a, b) + tzdb(a, VCL) + tgdb(a, VCL) + t4db(a, Vb) + db(b, Va)]

for all a,b € Y.

Theorem 4.1.4. Let V: Y — Y be a given self mapping and (Y,dy) be a
complete b-metric space with b > 1, whenever there are positive real numbers

t,to, t3 and ty with 0 <ty +ty + t3 + 2ty < 1 satisfying:

dy(Vx,Vy)
< ti/dy(z,y) + to/dy(2, V) + ts/do(y, Vy) + tan/ (do(, Vy) + dp(y, Vz))

(4.8)

forall xz,y € Y, then V has only one fized point.
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Proof. The result follows from Theorem 4.1.2 by taking ,(u) = bioa eV, O
Remark 4.1.5. The following result follows from the condition (4.8).
dy(Vir, Vy) < th2dy(z,y) + to’dy(x, Vi) + ts°dy(y, Vy) + ta[dy(x, Vy) + di(y, V)]

+ 2ty to\/dy (2, y)dy(x, V) + 2t1ts/dp(, y)dy(y, Vy)

+ 2t tg\/dy (2, y) [dy (2, Vy) + dy(y, V)] + 2tats/dy(y, V)dy(y, V)
(
(

+ 2oty dy(z, V) [dy(z, Vy) + dp(y, V)]

+ 2t3t4\/db y, Vy)lde(z, Vy) + dy(y, V)]

Next, in view Remark of 4.1.5, by taking t; = t4 = 0 in Theorem 4.1.4, we get the

following extension.

Theorem 4.1.6. Let V.Y — Y be a given self mapping and (Y,d,) be a

complete b-metric space with b > 1, whenever there are any positive real numbers

to,t3 with 0 <ty +t3 < 1, satisfying:

dy(V, Vy) < to2dy(x, V) + t32dy(y, Vy) + 2tats/do(x, Va)dy(y, Vy)  (4.9)
for all x,y € Y. Then V has only one fixed point.

Any other way, the result follows from Theorem 4.1.4 by taking t; = t, = t3 = 0.

Theorem 4.1.7. Let V.Y — Y be a given self mapping and (Y,d,) be a

complete b-metric space with b > 1, whenever there are positive real number to, t3

with 0 < ty + t3 < 1, satisfying:

db(VﬁC, Vy) < t22db<xa Vl') + t32db<y7 Vy) + 2t2t3\/db(x7 V'x)db(ya Vy)
forall z,y € Y. Then V' has only one fixed point.

The following result follows from Theorem 4.1.4 by taking t; =ty = t3 = 0.
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Theorem 4.1.8. Let V.Y — Y be a given self mapping and (Y,dy) be a

1
complete b-metric space with b > 1 and there is any t4 € |0, 5) satisfying
dy(V, Vy) < t3[dy(z, Vy) + dy(y, V)]
for every x,y € Y. Then V has only one fixed point.

The following result follows from Theorem 4.1.4, by taking k4 = 0.

Theorem 4.1.9. Let V.Y — Y be a given self mapping and (Y,d,) be a
complete b-metric space with b > 1, whenever there are positive real numbers

ty,to, k3 with 0 < tq + to + t3 < 1, satisfying:

db(vwa Vy) S t12db<x7 y) + t22db(x7 Vf]?) + t32db<y7 Vy)
+ 2t1t2 \/db(I, y)d(l’, Vl‘) + 2t1t3 \/db($7 y)d(y7 Vy)
+ 2t2t3 \/db(xu Vx)db(ya Vy)

forall z,y € Y, then V has only one fized point.

The following Corollary follows from Theorem 4.1.2 by taking v (u) = e V.

Corollary 4.1.10. Let V: Y — Y be a self mapping and (Y, dy) be a complete
b-metric space with b > 1, whenever there are positive real numbers tq,to,t3 and

ty with 0 <ty 4ty + t3 + 2t4 < 1 satisfying:

Vdy(Va, Vy) < ty ¥/ dy(z,y)+to ¥/ dy(z, V) +ts 3/ dy(y, Vi) +ta ¥/ (dy(z, Vy) + d(y, V)

(4.10)
forall xz,y € Y, then V has only one fized point.



Chapter 5

Common Fixed Point Theorem

and Generalized JS-Contraction

In this chapter, we define the generalized modified JS-contraction in b-metric
spaces for a pair of self mapping satisfying v,-contractive condition and prove
common fixed point results for such contraction in the framework of complete
b-metric spaces. The obtained result extend the result of Ahmad et al.[3]. The
presented result are generalization of recent fixed point result due to Hussain et

al. [20]. We have also concluded the given results of Ahmad et al. [3].

5.1 Main result

Very recently, Ahmad et al. [3] defined two families G(U, V) and H(U, V) which
are defined as follows.

The family G(U, V') defined by all functions ¢: Y x Y — [0, 1) such that

t(z,VUy) <t(z,y) and t(UVz,y) <t(x,y) forall z,y €Y

and the family H (U, V') defined by all functions v: ¥ — [0, 1) such that

Y(VUy) <~(y)
44
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For two given self mapping U,V : Y — Y and a b-metric space (Y, dp).

Proposition 5.1. Let (Y,d) be a b-metric space and U,V:Y — Y be given self

mappings. Let yo € Y, take a sequence {y,} defined by

Yom+1 = UYom,  Yomao = VYoma1, Jor each non-negative integer m.

Ift € G(U, V), then t(z,yam) < t(x,90) and t(Yami1,y) < ty1,y) for each v,y € Y

and non-negative integer m.

Definition 5.1.1. Let (Y, d;) be a b-metric space with co-efficient b > 1 and
a given self mappings U,V : Y — Y is called generalized modified .JS-contraction
whenever there are mappings t1,ts,t3,t4 € G(U, V) with

0 < ti(2,y) +tolz,y) +ts(z,y) +2ts(z,y) < 1 and there exist a function ¢, € ¥,

satisfying

Uy(dp(Uz, Vy)) < [thp(dp(z, y))]tl(x,y)'[wb(d“x, Ux))]tQ(x’y)-[¢b(db(y, Vy))]ts(:c,y)
[ (dy(z, Vy) + dyly, Uz))]+@¥)

forall z,y € Y.

Note. See 4.1 and 4.1.1 in Chapter 4 there is defined a family ¥, and ¥,.

Now we state our main theorem.

Theorem 5.1.2. Let (Y,d,) be complete b-metric space with co-efficient b > 1
and let U,V:Y — Y be a given self mappings, whenever there are mappings

ti+ty +ts+ty € GU,V) and a function iy, € U, satisfying:

(a) tl<x>y) + t2($vy) + t?»(x?y) + 2t4(x,y) <1

(c) Yu(dy(Uz, Vy))
< [Wnldn(, ). [y, U)) 20 [y (o (y, V)P
[Wo(dy(, Viy) + dy(y, Uz)]ts@»)

forall xz,y € Y, then U and V have only one fized point.
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Proof. Let yo € Y , we define the sequence {y,} by

Yom+1 = U Yom and Yom+2 = Vy2m+1

for every non-negative integer m. From Proposition 5.1 for every non-negative

integer m, we have

1 < Uy (dp(Yams Yoms1)) = Lolds(Vyam—1, Uyam)) = Uu(do(Usam, Vom-1))
< [Wu(dp(Yom, Yam—1))] @2 v2m ) [hy (dy (yom, U ))] P2 @2mv2m=1)
[ (do(Yam—1, Va1 ))]f2@emwzm=1)
[ (A (Yom, Vyom—1) + dy(yYam—1, Utigy))]/4@2mv2m=1)
= [106(do (Yo Yam—1))] 2 ¥2m=0) [ahy (dy (Yo, Tama1) )] 12 Y2mv2m=1)
[ (db(Yam—1, Y2 )] P2 020 [y (yom 1, Yomar )] @2mv2m—1)
< [n(dp(y2ms Yom—1))] M2 020 [ty (Yorm, Yomoa))] 202 v
[y (Yam—1, Yam))] e B2mv2m—1)
[0 (b((do(Yam—1, Yom) + do(Yam, Yom1) )] F2mv2m=1)
< [ (dy(Yom, Yom—1))] " C0 21 [y (dy (Yo, Yom1))] 2 E0v2m=1)
[ (A (Yam—1, Yam))] B0 v2m—1)
0. [ (d (1, o) 20
1y (Yo, Yomar )] P40 w21
< [p(db(Yams Yam—1))] 0 [y (dy (Yo, Yam1))] 204
[ (A (Y2m—1, Y2m))] e 0¥
[b(yo, yl)]t4(y°’y1).[wb(db(ymel, me)]M(yO:yl).[db(me’ meH))]m(ymyl).

_ bt4(y0’y1)-[@/}b(db(y2m—1, y2m)]t1(yo,y1)+t3(yo,y1)+t4(yo,y1)

[0 g o) 2150

< pt1(yo.y1)+ts(yo,y1)+ta(yo.y1) [wb (db (y2m L y2m> )]tl (yo,y1)+t3(yo0,y1)+ta(yo,y1)

=

Lo (dp(Y2ms Y2mr1))]™ (o.y1)+talyo.vn)

Taking In on both sides of the above inequality, we have



Generalized Modified JS-contraction 47

In[46 (Yam, Yam+1))] — (t3(yo, y1) + ta(yo, y1)) (s (ds(y2m, Yom1)]

< (t1(yo, y1) + t2(yo, Y1) + ta(vo, y1)) [bs(db(y2m—1, Y2m))]-

(1=t3(y0, y1)—ta(yo, 1)) n[thp(db(Yam; Yom+1))] < (E1(Y0, 1) + ta(Yo, y1) + ta(yo, y1))
. 1H[b¢b(db(y2m71, me))]

(t1(yo, y1) + t2(yo, y1) + ta(yo, v1))

(1 —t3(Yo, 1) — talyo, 11)) In[byy(db(Y2m—1, Y2m))]-

ln[wb(db(yma ym-ﬁ-l))] <

(t1 (Wo,y1)+t2(¥o,y1)+t4(y0,y1))

Uy (dy(Yom, Yom+1)) < [0U(do(Yom—1,Yom))]  -8lovD)~taluovr))
Let

t t t
o= 1(yo, y1) + t3(vo, y1) + ta(yo, v1) <1

1 — t3(y0, v1) — ta(yo, y1)
Thus  [Vs(db(Y2m: Yam+1))] < [086(db(Y2m-1, Yam))] ™ (5.1)

Similarly, we have

L < p(dp(Yom+1, Yom+2)) = Yo(do(UYam, VYom+1))
S [wb(db (me’ y2m+1))]t1(92myy2m+l) . [wb(db<92m, Ume))]tg (Y2m,Y2m—1)
'[,lvbb(db(y?m-i—l, Vy2m+1))]t3(y2m,92m—1)
A We\ @b \Y2m, V Y2m+1 Yom+1, UYam )
W) (d ( V ) + d( U ))]t4(y2m+1 Y2m)
= [0 (db(Yoms Yam+1))] 2020 [0 (dy (Yo, Yam1))] 2 om0 )
[0 (o (Yo, Yamr2) )] 202 P2 [y (dy (Yo, Yamyz) )] 4021 02
< [0(ds (Y2ms Yam+1))] 00 [y (i (Yo Y1) )] 20042+
[n(dy (Yoms1, y2m+2))]t3(y01y2m+1)
L6 (b(db (Y2, Y2m+1) + db(Yome1, y2m+2>>]t4(yo,y2m+1)
< [0(do(Yam, Yam 1)) O [0 (d (Yo, Yom1))] 20
[y (Y2m1s Yamy2))] 200

Bhatvown), [ (db(Y2m, y2m+1)]t4(yo’yl) {dy(yam+1, ?J2m+2)]t4(y0’y1)
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< [0 (A(Yam, Yoms1))] @YD 4y (Ao, Yomsr ))] 2@
[0 (d (Yo, Yomaa))]BE0 1)

talwovy) [V (db(Y2rm,s y2m+1)]t4(y°’y1) [dy(Y2m+1, y2m+2)]t4(y°’yl)

< pt1 (o.y1)+t2(yo,y1)+ta(yo.y1) [Q/Jb (db( ) )]tl (yo,y1)+t2(y0,y1)+ta(yo,y1)

Yom, Y2m+1

_ Wb(db (y2m+1 : y2m+2))]ts(yo,y1)+t4(yo,y1) )

Taking In on both sides of the above inequality, we have

In[96(d(Y2m+15 Yom+2))] — (E3(y0, y1) + ta(yo, y1)) [ty (do(Y2mt1, Yame2)]
< (T (yo, y1) + t2(yo, y1) + ta(yo, y1)) [0y (dy (Y2m, Yom+1))]-

(1=t3(y0, y1)—ta(yo, 1)) s (do(Yam+1, Yomr2))] < (t1 (Yo, y1) + t2(yo, y1) + ta(yo, y1))
An (b (dy(Yams Yom+1))]-

(t1 +t2 + ta)

(4 (do (Y, Ym+1))] < (I —ts—ta)

In (b, (dp(Y2m—1, Yom))]-

(t1 (Wo,y1)+t2 (o, y1)+ta(yo,y1))

Uy (dy(Yom+1, Yamt2)) < [0 (db(Yom, Yom+1))] O sbovD—talvov)

Thus

t1 (yo,¥1)+t3(y0,y1)+t4(¥0,y1)

Uo(do(Yomt1, Yom+2) < [0Us(d(Yom, Yoms1))] slovi)—talov) (5.2)

Let

t t t
o — 1(Yo, y1) + t3(vo, y1) + ta(yo, v1) <1

1 —t3(yo, 1) — ta(yo, v1)

Then from 5.1 and 5.2, we get

1< 0y (Y Ym+1)) < 0 [(d(Ym—1, Ym )]
S ba+a2 [wb(db(ymf% ymfl))]a

2

m

< bRt [ (dy (o, 1)) (5.3)
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Taking m — oo in the above inequality, we get

a(l—a™)

Tim B [y (dy (yo, y0)] " = lim b [dy(dy(yo, 1))
. a(l—a™) . a™
:mh_rgob T—a .%gnoo[iﬂb(db(yo,%))]
=bTa.l
— hToa.

Using Sandwitch Theorem, we get

Jim oy (dy(Yin, Yon1)) = D75
By using condition 4.1. From condition of (1), ), we have
lim db(yma ym+1) = 0.
m—r00

From the condition (1, ), there exist 0 < h < 1 and ¢ € (0, 0o such that

lim wb(db<yma ym+1)2L -1 — /.
m—r00 d Ym, ym-i-l)

) =1
dy(Ym Ym+1)

wb(db(ymamerl)) —1 (<.

—r <
db(Qma merl)h

Consider

7vZ}b(db(ym?ym-i—l))h_ 1 —/ Z —r
Ay (Y Ym+1)

w(d<ym>ym+l)) —1
>0 —r.
AYms Ymp1)®
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w ( (ymvmerl)
d(yma ym+1)h

zé—gzr.

1
d(ym7ym+1>h S ;wb(d<ym7 merl)) -1

for all m > mg. Then

db(ymaym—f—l)h S S[wb(db(ym>ym+l)) - 1]a

1
Where s = —
,

Suppose that ¢ = oo. Let r > 0 be an arbitrary positive number. From the

definition of limit, there exist mq € N such that

77Z)b<db(ym7 ym-‘rl)) —
d<ym7 ym-l—l)h

This implies that, for all n > ng

(A (Yoms Y1) < 8[¥6(d(Yim, Y1) — 1].

Hence for all cases there exist, s > 0 and mg € N such that

(A (Yoms Y1) < 8[¥6(d(Yim, Y1) — 1].

Using (5.2) in the above inequality, we get

m

(dy(Yms Y1) < D™ ([ d o, y0)]™" = 1] - (5.4)

Since b > 1 and 0 < h < 1, then b" > 0. Then for all m > my

0"y (Y Ym1))" < shhpatatta™, [[wb(db(ymyl))]an -1].

Taking m — oo in the above inequality.

i 0" 1(dy (Yo Y s1))" < sB" lim b+ 4"y, [[2o(dy(yo, y2)))*" — 1]

m— 00 n—0o0
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lim 0" (dy(Yon, Yongr))" = 80" Lim 02F0H 4" Tim o ([ (dy (g0, 1)) — 1]

m—r0o0 n—oo m—0o0

= sbh.bﬁ.éii{lmm [ (do (o, 1)) = 1] .

Consider

[wb(db(yo, yl))am - 1]

Tim m[gy(dy(yo, 51))"" — 1] = lim

o () e 0, 1)) e 1))

m?2

= Jim o In(a) n(y (o, 1)) ol )
g e (@ (da (o, 1)) [ (o (g0, 1))

m—00 o/ln
2

= lim m im In(a) In(y(d(yo, y1)) [Ws(d(yo, y1))]*

m—oo 0/1" m—oo

= 0. In(a) In(¢s(db (Y0, y1))

(where oy a)

ngf;om[wb(db(yo,%))am —1]=0. (5.5)

This implies that

lim bhm(db<ym7 merl))h =0.

m—00

Then by definition of limit there exist ¢ > 0, choosing € € (0,1) and there is an

my € N such that for every m > my

’bhm(d<yma merl))h - O‘ <€
bhm(db(ym>ym+l))h <€

bm% (db(yma ym+1)) < €/ (Where El/h = EI)

/

€

Ay (Y Ym+1) <

==

=

m
1
, forall m > mj. (5.6)

= db(yma ym+1) <

==

=

m

m
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From (5.4) (o (Yo Yons1))" < sbHE 00" [y (dy(yo, 91))]*" = 1] -

Since b > 0, 0 < h < 1 then b** > 0. Then for all m > my

B (dy (s Y1) < S ([ (g0, 1]

Taking lim m — oo and using (5.5)

lim b2hm(d(ym, ym+1))h =0.

m—ro0

Then there exist m; € N such that

Ay (Yrms Yma1) < , for all m > m;.

1
mh
Replacing m with m + 1, we get
1
dy(Ymt1, Yms2) < ———, for all m > my. (5.7)
b2(m+ 1)
Continuing in this way, we obtain
1
dy(Yn-1,Yn) < ——, for all m > m;. (5.8)
br=m(n — 1)n

Let N = max{mg, m; }.
Now we prove that {y,,} is a Cauchy sequence . For n > m > N and using (5.6),
(5.7) and (5.8), we have

S

d (ym7 ym+1) + b db(ym—l—ly ym+2) + -+ bn_md(yn—la yn)

b N b2 N N bn—m
b( )1/h b?(m + 1)1/h b"_m(n _ l)l/h

db(yma yn) S

IA
TN TN

1 1 1
T G )
1

1

1

1']/

3
|

<.
Il

Mg

<.
Il
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Since 0 < h < 1, then Z . —7; converges.

Therefore dp(Ym, Yn) — 00 as]m, n — 0.

Thus it is proved that {y,,} is a Cauchy sequence in Y. The completeness of YV
insure that there exist yo € Y such that y,,, — oco. First we show that y, is a fixed

point of U. Contrary suppose that yo # Uyo

L < ¥(ds(Uyo, Yom+2)) = u(do(Uyo, Vyamy1))
< [Uu(dy (Yo, Yam-+1)] @m0 Ty (d(yo, Uyo ) )] 200 v2m+1)
10021, Vo) 0. (50, Viamsa) F do(Ymsa, Ugo)| 10002
= [ (dy (Yo, Yam+1)] P2 e1) [y (d(yo, Uyo) )] 2 0ovem+1)
L6 (b (Yama1 s Yamaz))] 280240 [ahy (d(1y0, Yamaz) + dp(Tamar, Uyg)]H4 W0 v2m+1)
< [Uu(dy (Yo, Y2n1)] @) [1hy (dy(yo, Vo)) ovt)
(

-[wb db(y2m+1> 3/2m+2))]t3 vov1) [wb(db(yo, y2m+2) + db<y2m+17 Uyo)] o),

Taking lim n — 400, in the above inequality, we get
1< 4y (dy(Uyo, y0)) < [y (dy(yo, Uyo))] 2o Htaons) < 4y (dy(Uyo, o))

which contradict to our supposition yg # Uyp.
Hence yy = Uyy. We also show that xg is the fixed point of V', suppose 3o # Vo,

then by the Propsition 5.1, we have

1 < Up(dy(Yams1, Vo)) = Uu(do(Uyam, Vo))
< [s(dm 90)) 2 [ (d (Y Uyan) )24 [y (s (g, Vi) )] 02 )
[p(d(yam, Vo) + do (o, Ua )] 24 02m00)
= [ (db(Y2m, o)) > [0y (dy (Yam, Yam +1))]"2 ¥ 20 [ (dy (yo, Vo ) )] 2mve)
[0 (db(yam, Vo) + db(yo, Yamer )] @2mvo)
< [0y (Yam, 40)] ¥ [0 (ds (g0, Vo)) @040 [ (ds (o, Vo) )] 0 4)
(

(
[e(dp (1, Vo) dy (0, Y +1)] 00,
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Taking m — 400, in the above inequality, we get

1 < ¥y(dy(yo, Viyo)) < [(dy(yo, Vigo))] e Wowoltastvosn) < [y, (dy (yo, Vigo))]  (5.9)

which contradict to our supposition yo # Vyo.
Hence yo = Vyo. Therefore, yq is the fixed point of U and V.
Now we shall show 7y is unique fixed point of U and V, for this let xy be another

fixed point of U and V. This implies o = Uzy = Vg

L < Yy(dy(0,90)) = Vu(dp(Uzo, Viyo))
< [Waldy(ao, o). (o, Uo) )220 [ (o, V)20
[Us(dp (0, Vo) + d(yo, Uap))] 4 =oww)
< [n(da(n, 9o)) ) [y (0, yo) 140, [ (d o, o) 40
= [tn(dy (o, yo))]1* os0 20w < [y (dy (0, o)))-

Which contradict to our supposition. Hence U and V' have only one fixed point. [J

The following results has been concluded from above result.

Corollary 5.1.3. Let (Y,d,) be a complete b-metric space with coefficient
b>1and U:Y — Y be the given self mappings, whenever there are mappings
t1,ta, ts,ty € M(U,V) and a function ¢y, € U, satisfying:

(a) ti(x,y) + to(z,y) + t3(x,y) + t3(z,y) + 2t4(x,y) < 1

(b) Yu(dy(Uz,Uy))
< [n(ds(a ) [, U] [y, U)o
[ (dy(z, Uy) + dy(y, Uz)]ls=)

forallx,y €Y.

Proof. The result follows from Theorem 5.1.2 by taking U = V. O]



Generalized Modified JS-contraction 55

Theorem 5.1.4. Let (Y,d,) be a complete b-metric space with coefficient b > 1
and U,V :Y —'Y be the given self mapping, whenever there are mapping
t1,ta,t3,ty € M(U,V) satisfying:

(a) t1(z,y) + ta(x,y) + t3(x,y) + t3(x,y) + 2t4(z,y) < 1

(b) \/%(db(Ux} Vy))
< (@, y)V/ (do(z,y)) + to(x, y)/d(z, Ux) + t3(2, y)\/ (v, V)

+ ta(z, y)/do(z,Vy) + d(y, Uz)

forall z,y € Y, then U and V' have a unique fixed point.

Proof. Taking ¥(t) = b= ev! in Theorem 5.1.2, the proof follows immediately.

]

Corollary 5.1.5. Let (Y,d,) be a complete b-metric space with coefficient
b>1and U:Y — Y be the given self mapping, whenever there are mappings

t1,ta,ts, ts € M(U,V) satisfying:

(CL) t1<l’,y) + t2(x7y> + t3(£(3,y) + 2t4(l‘,y) <1

(b) V(dp(Uz,Uy))
< ti(z, y)vdo(2,y)) + ta(z,y)\/dp(z, Uz) + t3(z,y)/dp(y, Uy)

+ty(x,y)\/d(x, Uy) + d(y, Uz)

for all x,y € Y, then U has only one fixed point.

Proof. The proof follows from corollary 5.1.3 by taking ¢, (t) = b eVt ]
Remark 5.1.6. From the above Corollary, we deduce the following result
dy(Uz,Vy) <di(z,y)d(x,y)

+ad(x,y) dy(z, Uz) + a3z, y) dy(y, Vy)

+al(z,y) [dy(z, Vy) + dy(y, Ux)]
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(z,y)\/dy(2, y)d(x, Uz)

(@, y) v do(z, y)dy(y, Vy)

(@, )V dy(, y)[dp(2, Vy) + dy(y, Ux)
az(x, y)\/dy(x, Uz)dy(y, Vy)

(@, y)Vdb(z,

(@, y)V/ da(

Theorem 5.1.7. Let (Y,d,) be a complete b-metric space with coefficient b > 1
and U,V :Y =Y be a given self mappings, whenever there are mappings

Y1572, 73, Y2 € N(U, V) satisfying:

(@) () +72(y) +v3(y) +73(y) +20(y) <1

(b) Uu(dp(Uz, Vy))
< [ (ds (e, )] [ (Ao, U)] 2@ [y, V)2
[p(dy(z, Vy) + dy(y, Uz)]s®

forall z,y € Y. and 9y, € ‘I/;, then U and V' have only one fized point.

Proof. Define t,tg,13,t4: Y x Y — [0,1) by ti(z,y) = 11(y), ta(,y) = 12(y),
ts(z,y) = v3(y) and t4(z,y) = y4(y) for all x,y € Y. Then for every x,y € Y.

ti(z, VUy) = n(VUz) < n(y) = t(z,y) and t,(UVz,y) =7n(y) = t(z,y)
ta(z, VUy) = 11 (VUz) < 1(y) = ta(z,y) and t:(UVz,y) =v(y)2 = ta(2,y)
ts(x, VUy) = 13(VUx) < 33(y) = ts(w,y) and t3(UVz,y) = v3(y) = t3(z,y)
ta(z, VUy) = 1(VUz) < u(y) = ta(z,y) and t(UVz,y) =v4(y) = ta(z,y)
ti(z,y) + ta(z,y) + ta(z, y) + ta(z,y) = 1Y) +72(y) +73(y) +7a(y) <1
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[(dy(z, Vy) + dyly, Uz))ta@w)
Then by Theorem 5.1.2 U and V' have only one fixed point. 0

Replacing 71 (y), v2(y), v3(y) and 74(y) by 71,72,73 and 74 respectively.

Corollary 5.1.8. Let (Y, d,) be a complete b-metric space with coefficient b >
1 and U:Y — Y be a given self mappings. Whenever there are a mappings

1,72, 73,74 € N(U, V) and there exist a function 1y, € U, satisfying:

(@) 7(y) +72(y) +73(y) +73(y) + 27a(y) <1
(0) Yo(dp(Uz,Uy))
< (o (dy (2, ) by (dy (a2, U) 2 [ihy (y, Uy) 2. [hu(dy (2, Uy ) +dp(y, U)o
forall z,y € Y, then U and V' have only one fized point.

Corollary 5.1.9. Let (Y,dy) be a complete b-metric space with co-efficient
withb > 1 and V:Y — Y be a given mapping . Whenever there is a constant

v € [0,1) and there exist a function 1y € U, satisfying:

dby(Vz,Vy) #0 = d(dy(Vz,Vy)) < [Uu(do(z,y))]”

forall z,y € Y, then V has only one fized point.
Taking v1 = v2 = 73 = 74 = 7y in Corollary 5.1.8.

The main result by Ahmad et al. [3] can now be established as the following
Corollary of our result. Since for b = 1 the family 1/, becomes the family ¢ given

in [3].

Corollary 5.1.10. [3/“ Let (Y, d) be complete metric space and let S,T: X — X
be a given self mappings. If there exist mappings ai,as,as,ay € G(S,T) and a
function ¢ € ¥ such that for all x,y € X :

(a) al(x,y) + az(a:,y) + a’3<x7y) + 2@4(37,]4) <1
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(c) ¥(d(Sz,Ty))
< [(d(z, y))] @) [ (d(z, S2)] @) [ (d(y, Ty))e@v
Jo(d(z, Ty) + d(y, Sz)]* @),

Then S and T have unique fixed point.”
Proof. The result follows from Theorem 5.1.2 by taking b = 1. [
The results proved by Ahmad et al. [3] follows from above results by taking b = 1.

Now, we introduce an example which illustrate our result.

Example 5.1.11. Take a sequence

ST=1x2
S;=1x242x3

S;=1x242x3+3x4

m(m + 1)(m + 2)
3

Sr=1x242x34+---+mx(m+1)=

Let Y = {S}: m € N} and dy(z,y) = (z —y)?. Then (Y, ds) is a complete b-metric
space with coefficient b = 2. Define the mapping V: Y — Y by,

V(ST) = ST, V(Sh) = 5,

m—1

YV m>2

It is clear that the Banach contraction is not fulfilled. indeed, it is not difficult to

check.

* * d * * o _ 2
VS VD) (S5 (= Dm(m 1) =6
n—oo dy(S5,, ST) noo dyp(Sy,, S7)  noee(m(m+1)(m+2) —6)?

Let us take a function ¢: (0, 00) — (1,00) defined by v (u) = eV*¢". We can show
1 € U'. We shall prove that V fulfill the condition of the result 5.1.9 ,i.e

db(v(s;;)’ (S:;)) % 0 . e\/db(V(S;‘n),‘/(s;{))edb(v(sfl)’V(S:n)) S eoc\/db(S;Q,S;g)edb(S:msm
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for some o € (0,1). From above inequality, we have

dy(V (%), V(S2,))ede(VSi)VS)

* * m 2
db(v(sm)a V(Sn)> 7& 0 = db(s;;u S;)edb(s;‘n,s,’;) S «

We discuss two cases.

Case i: For 1 = m < n, we have

dy(V(S:) —V(S)) =(S: , —(S))P=02%x34+3x4+---+(n—1)n)?

and
A(Sr, S5 = (S5 =812 =(2x3+3x4++ (n)(n+1))7?
Thus
dy(V(S2), V(S5))e@ VSV Si)  o(dx3+6x4t42n(n—1)+n(n+1))(=n(n+1))
m/) n _ < 671
dp(S5,, 5, ) e (S0 52) (2n)2(2n — 1) -

Case ii: For n > m > 1, we have
dp(V(SE) = V(SE) = ((2m—1)2m+ 2m+1)2m +1) +-- -+ (2n — 3)(2n — 2))?
and

dp(SE,S1) = (2m+1)2m+2) + 2m +3)(2m +4) + - - + (2n — 1)(2n))?

Since m > n > 1, we have

y(V(Sp). V(S;))eV (5 V(53
oS, Sy) e (5 50)
(2m — 1)2(2m)2e(@m=1)2m+2(2m+1)2m2)-+2(2n-2) 2n—1)+2n(2n—1))((2m—1)2m—(2n—1)2n)

(2n)2(2n — 1)?

<e”!

It fulfill all conditions of the Theorem 5.1.9, this implies that ST is only the fixed

point of V.
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5.2 Conclusion

We have introduced JS-contraction, modified JS-contraction and generalized mod-
ified JS-contraction in b-metric spaces and established and proved fixed point and
commom fixed point results for all these contraction in the setting of complete
b-metric space. We have provided examples which support our result. We have
extended the results of Jleli and Samet[22], Hussain et al.[20] and Ahmad et al.[3]
in the setup of complete b-metric space. The results proved in this thesis may

helpful for solving fixed point problem in b-metric space.
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